The aim of this paper is the analysis of simultaneous attitude control and momentum-wheel management of a spacecraft by means of magnetic actuators only. A proof of almost global asymptotic stability is derived for control laws that drive a rigid satellite toward attitude stabilization in the orbit frame, when the momentum-wheel is aligned with one of the principal axes of inertia. 
I. Introduction
In this paper, the control of a spacecraft using both magnetic and mechanical actuation is considered. A proof of almost global asymptotic stability is derived for control laws that drive a rigid satellite toward attitude stabilization in the orbit frame.
Modern small-scale spacecraft are often provided with magnetorquers (MTs) and some kind of mechanical actuators (e.g., reaction and/or momentum-wheels). The former are generally used for detumbling purpose after the release of the spacecraft from the launch vehicle [1] and for momentum dumping of reaction-wheels during desaturation maneuvers [2] . The latter are used for ne pointing control and attitude stabilization in the presence of external disturbance torques. This is the case of the European Student Earth Orbiter (ESEO), a micro-satellite mission to Low Earth Orbit (LEO) that is being developed, integrated, and tested by European university students as an ESA Education Oce project [3] . In this platform, three-axis pointing with respect to the orbit frame is required for Earth observation and the attitude control system is equipped with a set of magnetorquers and one pitch momentum-wheel (MW) performing the control logic described in this paper.
As a matter of fact, magnetic and mechanical devices are seldom used simultaneously. The combined use of the two actuation systems would actually lead to power saving and less stringent requirements on the wheel control torques. In Refs. [4, 5] , inertial pointing of a spacecraft using magnetic actuation only was considered. Owing to the time-varying nature of the system, bounds on the choice of the proportional-derivative gains resulted, which in turn lead to closed-loop performance limitations. Stability (and proof thereof ) was based on averaging theory, which physically translates to the system possessing certain dynamic properties on average. Attitude control of spacecraft using two actuation systems was considered in [6] , where the magnetic command law proposed in [5] was used in concert with the control action of a set of reaction-wheels, thus mitigating the above limitations. In [7] attitude control a hybrid controller based on MTs and thrusters was proposed, with a linear time-periodic approach and the analysis of actuator saturation. A geometric scheme was proposed in [8] , where the desired control vector was decomposed in terms of orthogonal and parallel components with respect to the direction of the local geomagnetic eld vector. The orthogonal component was actuated by MTs, whereas the parallel component was generated by a set of one, two, or three wheels.
In a recent paper [9] , three of the authors of the present work proposed a control law that leads a spacecraft to acquire a desired pure spin condition around one of the principal axes of inertia by means of magnetic actuators only, while aiming the spin axis toward a prescribed direction in the inertial space. A similar approach is used in this framework, where the error dynamics equation is rst derived for two error signals, namely the angular momentum error in the body frame and the angular momentum error with respect to the desired direction of the wheel spin axis in the inertial frame. The error dynamics is then recast in the classical form of a nominal system perturbed by a vanishing perturbation term. After proving global exponential stability for the nominal system controlled by MTs, the result discussed in [9] is here extended to the perturbed one. As a further contribution, full three-axis attitude stabilization is obtained (rather than simple spin-axis pointing)
by means of a proper choice of the wheel control law governing the pitch angle dynamics. A similar approach was described in [10] , where attitude stabilization was performed by means of a set of three MWs and three MTs, while the angular momenta of the MWs were driven to given reference values. In that case, the mechanical system provided attitude stabilization with respect to the inertial frame, letting the rank-decient magnetic torque be only used for momentum dumping of the wheel set. Magnetic controllability was discussed and assumptions were made on the magnetic eld vector, supposed to be capable of persistently spanning all of the 3-D space over one orbit.
Finally, the proposed control scheme was proven to lead to a real cascade system where attitude dynamics is completely independent of momentum dumping.
The derivation by means of nonlinear control techniques of a hybrid control system relying on a combination of a single mechanical actuator with magnetic torquers thus represents the major contribution of the present work, where complete attitude stabilization over an inclined orbit is obtained in those cases when angular rate and attitude measurements are available. In what follows, system dynamics and attitude parametrization are described in Section II. The proposed control laws and the closed-loop stability analysis are discussed in Section III, where the cascade structure of the overall system is pointed out. Numerical simulations in Section IV support the ndings in a realistic scenario, featuring the most relevant disturbance torques in LEO. Concluding remarks end the paper.
II. System Dynamics

A. Angular Momentum Balance
A sketch of the spacecraft, featuring one MW and three mutually orthogonal MTs is represented in Fig. 1 . The spacecraft is assumed to be rigid. The evolution of angular velocity components is derived from the angular momentum balance equation projected onto a frame of body axes, F B = {P ;ê 1 ,ê 2 ,ê 3 }, centered in the spacecraft center of mass P :
where ω = (ω 1 , ω 2 , ω 3 ) T is the absolute angular velocity vector of the spacecraft, J is the spacecraft inertia matrix, and h is the angular momentum of the wheel relative to F B . In the proof of closedloop stability of the control law, it will be initially assumed that
is,ê 1 ,ê 2 , andê 3 are principal axes of inertia, and J 2 = J 1 , J 3 . The presence of o-diagonal terms in J and uncertainties on the elements of J will be dealt within the Results section, in order to assess control law robustness. In the most general case, the MW relative angular momentum is h = J w Ωâ, where J w is the moment of inertia of the wheel about its spin axisâ, and Ω is the wheel spin rate with respect to the spacecraft. Letting h = J w Ω, one obtainṡ
where g is the torque applied to the wheel about its spin axis by its electric motor. Assuming thatâ ≡ê 2 (that is, the wheel spins around an axis parallel to the spacecraft pitch axis) leads to h = (0, h, 0)
T , and Eq. (2) reduces to the scalar equation:
In the ideal case when the wheel assembly is not aected by friction, g represents the control input.
Alternatively, it is possible to takeḣ directly to be the control input for the pitch control law design. This is often done in practice, removing any argument over whether or not friction needs to be accounted for. 
or in terms of the absolute angular velocity vector of the spacecraft, ω = ω r + nT BOô2 : ω 1 =φ cos θ −ψ cos φ sin θ + n (cos θ sin ψ + sin φ sin θ cos ψ) (8) ω 2 =θ +ψ sin φ + n cos φ cos ψ (9) ω 3 =φ sin θ +ψ cos φ cos θ + n (sin θ sin ψ − sin φ cos θ cos ψ) (10) In the latter case, the kinematics of Euler angles in Eqs. (8), (9) , and (10) is conveniently rearranged as follows:ψ = (−ω 1 sin θ + ω 3 cos θ + n sin φ cos ψ) / cos φ
The use of Euler angles requires some attention, since singular congurations always occur when attitude is represented by means of a sequence of three elementary rotations. In the present case, when the second rotation φ is equal to ±90 deg, the pitch axis coincides with the local vertical, and the rst and third rotations are performed around the same axis. On the other hand, this situation is unlikely to be encountered in practice, for the rotation sequence here adopted. In fact, after a spacecraft is injected into its orbit, an initial detumbling maneuver is performed in order to dump the angular momentum accumulated during payload ejection. During this phase, when the attitude information is not yet available because of the high rotation rates, the spacecraft is typically driven toward a pure spin condition by means of a B-dot like control law [14] , such that the spin axis gets suciently close to the normal to the orbit plane and small values of the angles ψ and φ are expected [15] . This means that φ = ±90 deg is an unlikely situation and the applicability of the control law described in this paper is not at stake.
Conversely, when a residual pitch rate is expected, both the classical yaw-pitch-roll (3-2-1) and precession-nutation-spin (3-1-3) sequences will approach singular congurations during the satellite motion, thus harming practical applicability of the control law and possibly hindering the search for closed-loop stability proofs. This motivates the choice of this unusual Euler angle sequence in the description of spacecraft attitude kinematics.
C. External Disturbances
In order to assess robustness of the control laws proposed in the next Section, the three most relevant sources of external disturbance torque in LEO are included in the model used for the simulations discussed in the Results section, namely gravity gradient, aerodynamic, and residual magnetic torques [11] .
For a circular orbit, gravity gradient torque is given by
whereô 3 is the unit vector parallel to the local vertical.
The interaction of the upper atmosphere molecules with the external surface of the satellite introduces an aerodynamic torque. Following the derivation discussed in some detail in [16] and summarized in [11] , it is possible to assume that the incident air particles lose their entire energy on collision. The force df a on a surface element dA, with outward normaln, is thus given by 
where r s is the vector from the spacecraft center of mass to the surface element dA and the integral is evaluated over the spacecraft surface for whichn ·v > 0. When the surface area can be decomposed into simple at geometric shapes (as in the case of the six faces of a parallelepiped satellite), the overall torque can be calculated as the vector sum of the individual torques given by the cross product of the vector joining the spacecraft center of mass to the center of pressure of each geometric shape times the force acting on the component.
The residual magnetic torque M (rm) is produced by the overall dipole moment m rm generated by on-board electrical systems and circuits. When magnetic coils are active, the residual dipole moment is relatively negligible, but when they are switched o, it produces a signicant contribution to the disturbance torque:
III. Attitude Stabilization
In what follows, simultaneous attitude control and momentum-wheel management of a spacecraft using magnetic actuation is examined. Control laws are proposed and asymptotic convergence is proven, when the variation of Earth magnetic eld in the orbit frame is taken into account.
A. Control Laws Letσ = T BO (0, 1, 0) T be the unit vector parallel to the direction of the y O -axis, xed in both the orbit and inertial frames, and Ω d be the desired spin rate of the wheel with respect to the spacecraft. Two desired angular momentum vectors, h d and H d , are dened in the body-xed and in the inertial frames, respectively. Letting h d = J w Ω d + J 2 n, the rst one is dened as
T , which is used to enforce that the angular momentum vector becomes parallel to the pitch axis. The second one is given by H d = h dσ , which requires that the angular momentum points in the desired inertially-xed direction parallel to the orbit normal. Two dierent angular momentum error variables are thus introduced, namely
and
where all the vector quantities, including H d , are expressed in terms of body frame components [9] .
Finally, letb = b/||b|| be the unit vector parallel to the local geomagnetic eld.
The scope of this section is to prove that, on an inclined LEO, the combined use of a simple linear control law for the magnetorquers and a PD-like command law for a mechanical actuator represented by a momentum-bias wheel parallel to the pitch axis, stabilize spacecraft attitude in the orbit frame, while driving the wheel spin rate to the desired value, Ω d . The control laws are given by
with k ζ > 0 and k ε > 0, for the MT, anḋ
with λ > 0 and k > 0, for the MW. When represented in terms of body-frame components, the dynamics of the desired angular momentum vector, H d , is given bẏ
From the denition of the error in Eq. (18) and taking into account the control law in Eq. (20), one
At the same time, h d is a constant vector in body axes. Thus the body frame angular momentum error dynamics achieves the form:
B. Momentum Management
Let the inverse of the inertia matrix, J −1 , be considered as the sum of two contributions, the rst being related to an axisymmetric conguration, J −1
Without loss of generality, one can assign J = J 2 andJ = (J 1 + J 3 )/2. In this case, one has δ 2 = 0, δ 1 = σ/J 1 and
Taking into account the considerations above and conveniently rewriting the error dynamics in Eqs. (23) and (24) in terms of inertial components, it follows thaṫ
where T BI is the coordinate transformation matrix between F I and F B , Z = T T BI ζ, and E = T T BI ε.
, the system in Eqs. (25) and (26) achieves the forṁ
where
is a time-dependent matrix,
is a gain matrix, and
are gyroscopic coupling terms.
Equation (27) 
. 
such that, when ε → 0, then
T , and taking into account the formulation of the attitude matrix in Eq. (4), it is
Since also ζ → 0, then
Furthermore, by considering the limits in Eq. (33), one obtains:
It follows from Eq. (39) that cos φ → ±1 and cos ψ → ±1 and thus lim t→+∞ cos φ = lim t→+∞ cos ψ, with the limits having the same sign. Also sin φ, sin ψ → 0, which is possible only if the pitch axis becomes aligned, as required, with the directionσ, normal to the orbit plane.
C. Control of the Pitch Angle
The equation governing the dynamics of the spacecraft around the pitch axis is derived from Eq. (1), namely
Takingḣ as the control input dened in Eq. (21) and introducing the error on the body frame pitch angular rate, ξ = n − ω 2 , Eq. (41) becomes:ξ 45) is an asymptotically stable linear time-invariant system driven by an asymptotically vanishing disturbancer → 0, it can be nally concluded thatθ, θ → 0.
Note that ifξ → 0 and θ → 0 also ξ = n − ω 2 → 0 as t → ∞. In other words, the spacecraft is driven to perfect alignment with the orbit frame and rotates about the pitch axis with n angular rate with respect to the inertial frame. From Eq. (33) it thus follows that the remaining angular momentum stored in the spacecraft is obtained by the spinning of the MW with respect to the body frame with the desired rate Ω d .
Remark 4:
As previously mentioned, the 3-1-2 Euler sequence determines a singularity at φ = ±90 deg in Eqs. (11) and (13) . For practical control implementation purposes, a discussion was already presented in Section II.B. From a mathematical standpoint, this implies that the pitch angle stabilization proof holds almost globally.
IV. Results and Discussion
The control laws proposed in Section III.A for the attitude stabilization of a spacecraft and the acquisition of a desired spin rate on the MW are applied to a LEO micro-satellite, equipped with three mutually orthogonal MTs. Table 1 shows relevant spacecraft data and orbit parameters, together with initial conditions for a sample maneuver.
A nonlinear model for spacecraft attitude dynamics is used in the simulations, where numerical propagation of Euler parameters is performed [13] . No friction is considered for the wheel assembly, so that g is the control input for the pitch control law. The initial phase during which the satellite is magnetically detumbled after injection into its orbit is not analyzed here, as it is not relevant in the framework of the present study. It is assumed that, after the initial detumbling phase [14, 15] , the spacecraft lies in a pure spin condition about its pitch axis with a total angular momentum
The wheel is at rest relative to the body axes at time t 0 , namely h 0 = 0 Nms.
The initial direction of the pitch axis is tilted 30 deg away from the orbit normal. During the controlled maneuver, the excess of angular momentum is expected to be dissipated by MTs and, at the same time, the residual angular momentum is distributed between the spacecraft and the wheel, the latter term increasing to its desired value of 0.3 Nms. The gains for the magnetic control law are selected as [9] k ζ = k ε = 0.004 s −1 , whereas the gains for the wheel control law are k = 0.1 s
−1
and λ = 0.1 rad
In the rst simulation (Case 1), no external disturbance is applied to the spacecraft and it is assumed that spacecraft body frame is a principal-axis frame, that is, J = J * is a diagonal matrix. Time histories of angular momenta are reported in Fig. 2 , where J ω converges to the desired value, J ω orb , while pitch-axis pointing is performed along the orbit normal, with the yaw and roll angles, ψ and φ (that is, azimuth and elevation of the pitch axis with respect to the orbit plane, respectively), approaching zero (Fig. 3) . described by Eqs. (15) and (16) is characterized by the air density ρ = 6.39 · 10 The enlargements in Fig. 6 shows the oscillation on attitude angles, which remain bounded within a few tenths of a degree. Precision on pitch angle proved to be the most critical aspect, at least for the considered set of perturbations, pitch error reaching peak values higher than 0. 
be a Lyapunov function candidate. Provided ∇ Y V is the gradient of V along the trajectories of the considered system, it isV
where A(t) is a positive semi-denite matrix. In what follows, it is proven that V and its timederivativeV satisfy the hypotheses of Theorem 8.5 in Ref. [17] . In particular, V (Y ) is continuously dierentiable andV (t, Y ) is uniformly continuous and negative semi-denite. 
T remains in the null-space of the time varying matrix, A(t), N A = ker(A). Letting matter of fact, this situation is in contrast, when E = 0, with the conditionẎ = −B (t,
2) in case the satellite is in a rest condition, then Z = E = |h d |;
the situation k ζ Z = −k ε E can thus be avoided by choosing k ζ = k ε .
Given the above considerations, the origin Y = 0 is globally asymptotically stable and the right-hand term of the equation
is a nite negative term if an equilibrium point is not reached, provided δ > 0 is a nite time interval. As a last element to infer global exponential stability, it is necessary to demonstrate that, for V (t) = V [Y (t)], for some δ over t ≥ t 0 , the inequality
holds uniformly in the time domain for a positive constant λ. SinceV can become zero, but constant V surfaces do not contain solutions (see above), one expects that those time instants t when A(t )KY = 0 andV = 0 are inection points with horizontal tangent for the time-history
, withV = 0 for t = t andV < 0 immediately before and after t . Provided V is continuously dierentiable, from the properties of inection points with horizontal tangent it follows [18] V
for a suciently small δ and all t ≥ t 0 . By expanding V (t) in terms of a Taylor series up to the third order, where
...
for t = t one has:
Thus, in order to satisfy the last requirement for global stability of the origin, it is necessary to prove that the dominant term 
is also zero for t = t if and only if the null space ofȦ(t ) coincides with or contains the null space of A(t ). The expression of the third time-derivative of V , ...
for t = t is thus reduced to ...
where B = B(t , Y ). The third time derivative of the candidate Lyapunov function depends on the sum of two negative semi-denite quadratic forms, JÄ and J B
. If one proves that at least one of the two terms is strictly negative whenV = 0, the third time derivative of V is strictly negative at t = t and it is possible to derive a nite value of λ that satises the inequality in Eq. (50).
The null space of A can be decomposed into the Cartesian product of two subspaces, N A =
It is possible to show that, when KY ∈ N 1 , that is, both errors Z and E are parallel to the geomagnetic eld vector,b, the term JÄ is strictly negative for t = t . This is proved assuming initially E = E b and Z = 0. T BO is given by Eq. (4). Without loss of generality, assume that the inertial frame is coincident with F O at time t = t 0 , namely
Consider the case when the components of the Earth magnetic eld are evaluated by means of a simple dipole model, such that the analytical derivation ofÄ(t) is straightforward [11] . When t = t , the error signal e = k ε E(t ) is aligned with the local direction ofb =b(t ), that is e = ||e||b .
In this case, the expression of JÄ is thus given by the quantity
which is a strictly negative periodic function of t with period T /2 for orbit inclination i = 0. Its maximum value can be evaluated at t = (1/2 + N )T /2 + t 0 for N = 0, 1, 2, . . . , such that
Repeating the argument for the dual case, Z = Z b and E = 0, and any other case in which the error signal e is parallel to the geomagnetic eld b, it is possible to state that
When KY ∈ N 2 , that is, k ζ Z = u and k ε E = −u, the quadratic form JÄ = (KY ) TÄ (t ) (KY ) vanishes, but it is possible to prove that the remaining term in the expression of ... Note that the estimate of λ performed above on the basis of the simple dipole model is conservative. More complex models, such as the IGRF or the actual geomagnetic eld, do not allow an analytical derivation of the bound, but they are characterized by a behavior in the time-domain with short-term oscillations that cause the value of V to decrease at a faster rate with respect to that determined from the simpler model.
